We prove a perturbation result for positive semigroups, thereby extending a heat kernel estimate by Barlow, Grigor'yan and Kumagai for Dirichlet forms ([4]) to positive semigroups. This also leads to a generalization of domination for semigroups on L pspaces.
Introduction
In recent years there has been increasing interest in heat kernel estimates for non-local Dirichlet forms. One important tool for deriving upper bounds is a perturbation result proven in [4, Lemma 3.1] , which is used in several recent articles [3, 5, 6, 7] . The aim of this paper is to prove this perturbation result in the more general context of positive semigroups, so that it can also be applied to perturbations of Dirichlet forms by (suitable) measures. They are of substantial interest for example in quantum mechanics. In view of Banach lattices our result can be seen as a generalization of domination for positive semigroups; compare Theorem 2.1 and [2, Proposition C-II, 4.8] .
In the remaining part of this section we explain the situation. The perturbation result is stated in Section 2, where also some examples are given.
Let (Ω, m) be a σ-finite measure space (in fact, it suffices to have a localizable space, where
) be a strongly continuous semigroup on L 2 (m) (equipped with the inner product (· | ·)), i.e.,
and lim
Let A be the generator of T , i.e.,
Note that A also uniquely defines T .
then T can be extended to a strongly continuous semigroup T p on L p (m). We remark that T p (t)u = T (t)u for all t 0 and u ∈ L 2 (m) ∩ L p (m). Let A p be the generator of T p . Then, for λ > ω, where ω is as in (1) for 1 p, q < ∞, we have λ ∈ ̺(A p ) ∩ ̺(A q ) and
Therefore, consider the adjoint semigroup T * of T generated by the adjoint A * of A, and let T ∞ (t) := T *
(t)
′ (the dual operator of (T * ) 1 (t)) for all t 0. Note that T ∞ is still a semigroup, but it may not be strongly continuous. However, for λ sufficiently large we observe λ ∈ ρ(A) ∩ ρ(A * 1 ) and
There is a perturbation result for the heat kernels of Dirichlet forms proven by Barlow, Grigor'yan and Kumagai in [4, Lemma 3.1] using Meyers decomposition of stochastic processes [8] . Here we prove an analogous perturbation result within an analytic context. More precisely, we show that such a perturbation result for semigroups is in fact equivalent to a certain condition on the corresponding generators. This condition is fulfilled for the perturbations regarded in [4] , however we do not assume the forms associated with the semigroups to be symmetric Dirichlet forms. Our perturbation theorem also extends well-known results on domination of semigroups; cf. Remark 2.3 below.
with generator A. Assume there exist M 1 and ω ∈ R such that
for all t 0. Then the following are equivalent: (a) There exists C 1 ∈ R such that for t 0 we have
(2) (c) There exists C 3 ∈ R such that for λ > ω we have
Remark 2.2. As the proof will show, in "(a) ⇒ (b)" we have
Remark 2.3. In case C 1 = C 2 = C 3 = 0 we recover well-known domination results, see e.g. Proof of Theorem 2.1.
The limit t → 0 yields the assertion.
Since T and T 0 are positive, also the resolvents of A and A 0 (and hence also of A * 0 ) are positive. Thusũ :
u 1 and similarly forṽ, we obtain
and λ > ω. In view of Remark 1.1, by induction on n we obtain
Let t > 0. For large enough n we have
For n → ∞, we obtain T (t)u T 0 (t)u + e ωt tC 3 M 2 u 1 1 Ω .
We can now specialise to contraction semigroups.
for all t 0. Let C ∈ R. Then the following are equivalent: (a) For t 0 we have
(c) For λ > 0 we have
In order to link our result to the version treated in [4] , where estimates on the kernels were given, we state an easy consequence of Theorem 2.1.
Corollary 2.5. Let T 0 be a positive C 0 -semigroup on L 2 (m) with generator A 0 , T a positive C 0 -semigroup on L 2 (m) with generator A. Assume there exist M 1 and ω ∈ R such that
for all t 0, and there exists C ∈ R such that
Then T has a kernel k satisfying
Note that the existence of the kernel follows from [1, Theorem 5.9], the kernel estimate then from the estimate for the semigroups in Theorem 2.1 and the monotone convergence theorem; see also [12, Korollar 2.1.11].
Example 2.6. We will now apply our theorem to Dirichlet forms perturbed by measures and jump processes. Let (Ω, m) be a locally compact metric measure space and τ 0 a regular Dirichlet form on L 2 (m) Let µ be a non-negative Borel measure on Ω which is absolutely continuous with respect to τ 0 -capacity. Furthermore, let µ be in the extended Kato class with Kato bound less than 1. Define τ −µ := τ 0 − µ, let A −µ be the operator associated with τ −µ and T −µ the C 0 -semigroup (for perturbation of Dirichlet forms by measures we refer to [11] ). Then A −µ is self-adjoint and by [11, Theorem 3.3 ] the semigroup T −µ satifies (1) for all 1 p < ∞. Let j : Ω × Ω → R be measurable, symmetric, 0 j C. Define τ by
and A be the associated operator and
Thus, by Corollary 2. Hence, (2) can hardly be satisfied. Therefore, perturbations by boundary conditions may behave differently.
